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Abstract
LetG=(V ,E) be a simple graph.A subset S ⊆ V is a dominating set ofG, if for any vertex u ∈ V −S, there exists a vertex v ∈ S
such that uv ∈ E. The domination number of G, (G), equals the minimum cardinality of a dominating set. A Roman dominating
function on graph G = (V ,E) is a function f : V → {0, 1, 2} satisfying the condition that every vertex v for which f (v) = 0 is
adjacent to at least one vertex u for which f (u) = 2. The weight of a Roman dominating function is the value f (V ) =∑v∈V f (v).
The Roman domination number of a graph G, denoted by R(G), equals the minimum weight of a Roman dominating function on
G. In this paper, for any integer k (2k(G)), we give a characterization of graphs for which R(G) = (G) + k, which settles
an open problem in [E.J. Cockayne, P.M. Dreyer Jr, S.M. Hedetniemi et al. On Roman domination in graphs, Discrete Math. 278
(2004) 11–22].
© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let G = (V ,E) be a simple graph of order |V | = n. For any vertex v ∈ V , the open neighborhood of v is the set
N(v) = {u ∈ V |uv ∈ E} and the closed neighborhood of v is the set N [v] = N(v) ∪ {v}. deg(v) = |N(v)| is called
the degree of v. For a set S ⊆ V , the open neighborhood of S is N(S) = ∪v∈SN(v) and the closed neighborhood is
N [S] = N(S) ∪ S. G[S] denotes the subgraph of G (see [2]) induced by S.
A subset S ⊆ V is a dominating set of G, if for any vertex u ∈ V − S, there exists a vertex v ∈ S such that uv ∈ E.
The domination number of G, denoted (G), equals the minimum cardinality of a dominating set. A domination set of
cardinality (G) is called a -set of G.
A Roman dominating function (RDF) on graph G = (V ,E) is deﬁned in [3,4] as a function f : V → {0, 1, 2}
satisfying the condition that every vertex v for which f (v) = 0 is adjacent to at least one vertex u for which f (u) = 2.
The weight of a RDF is the value f (V )=∑v∈V f (v). The Roman domination number of a graph G, denoted by R(G),
equals the minimum weight of an RDF on G.
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2. Main results
In this section, for any integer k such that 2k(G), we will give a characterization of graphs for which R(G)=
(G) + k, which settles an open problem in [1]. For this purpose, we introduce some notation and a few propositions
from [1].
For a graph G = (V ,E), let f : V → {0, 1, 2}, and let (V0, V1, V2) be the ordered partition of V induced by
f, where Vi = {v ∈ V |f (v) = i} for i = 0, 1, 2. Note that there exists a 1-1 correspondence between the functions
f : V → {0, 1, 2} and the ordered partitions (V0, V1, V2) of V. Thus, we can write f = (V0, V1, V2).
Therefore, a RDF on graph G can be deﬁned as a function f = (V0, V1, V2) satisfying the condition that V2  V0,
where  means that the set V2 dominates the set V0, i.e. V0 ⊆ N [V2]. The weight of a RDF f is f (V ) =∑v∈V f (v) =
2|V2| + |V1|. We say that a function f = (V0, V1, V2) is a R-function if it is an RDF and f (V ) = R(G).
Proposition 1 (Cockayne et al. [1]). For any graph G, (G)R(G)2(G).
Proposition 2 (Cockayne et al. [1]). Let f = (V0, V1, V2) be any R-function for G. Then
(1) G[V1] has maximum degree 1.
(2) No edge of G joins V1 and V2.
(3) V2 is a -set of G[V0 ∪ V2].
Proposition 3 (Cockayne et al. [1]). If G is a connected graph of order n, then R(G) = (G) + 1 if and only if there
is a vertex v ∈ V of degree n − (G).
Proposition 4 (Cockayne et al. [1]). If G is a connected graph of order n, then R(G) = (G) + 2 if and only if:
(a) G does not have a vertex v ∈ V of degree n − (G).
(b) either G has a vertex of degree n − (G) − 1 or G has two vertices v and w such that |N [v] ∪ N [w]| =
n − (G) + 2.
For any graph G, by Proposition 1, we have (G)R(G)2(G). It is easy to see if the equality R(G)= (G)+ k
holds, then 0k(G). In the following, we prove the main result of this paper.
Theorem 1. Let G be a connected graph of order n and the domination number (G)2. If k is an integer such that
2k(G), then R(G) = (G) + k (2k(G)) if and only if:
(a) for any integer s with 1sk − 1, G does not have a set Ut of t (1 ts) vertices such that |∪v∈UtN [v]| =
n − (G) − s + 2t ;
(b) there exists an integer l with 1 lk, and G has a set Wl of l vertices such that |∪v∈WlN [v]|=n− (G)− k + 2 l.
Proof. ⇒: Let f = (V0, V1, V2) is a R-function for G of weight (G) + k. Then 2|V2| + |V1| = (G) + k.
First we prove that condition (a) holds. Suppose the contrary, that is, there exist two integers s0 and t0 with
1 t0s0k − 1, and G has a set Ut0 of t0 vertices such that |∪v∈Ut0N [v]| = n − (G) − s0 + 2t0. By Proposition 3,
s02 (otherwise, we have s0 = t0 = 1. Then R(G) = (G) + 1, which contradicts the fact that R(G) = (G) + k,
where k2). Without loss of generality, we assume that for any integer s with 1ss0 − 1, G does not have a
set Ut of t (1 ts) vertices such that |∪v∈UtN [v]| = n − (G) − s + 2t . Since G has a set Ut0 of t0 (1 t0s0)
vertices such that |∪v∈Ut0N [v]| = n − (G) − s0 + 2t0, by the sufﬁcient condition of the theorem, it follows that
R(G) = (G) + s0. That contradicts the fact that R(G) = (G) + k.
Next we prove that condition (b) holds. By the deﬁnition of an RDF, we have V2  V0. Then V1 ∪ V2  V .
So |V1| + |V2|(G). Furthermore, we prove that |V2| = 0. Suppose, to the contrary, that |V2| = 0. Since V2 
V0, we have |V0| = 0 and V1 = V . Since G is a connected graph of order n and (G)2, it is easy to see that
|V1|= |V |=n4. Thus there exists a vertex v ∈ V1 such that deg(v)2. But by Proposition 2(1), we have deg(v)1,
a contradiction.
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Since 2|V2| + |V1| = (G) + k, |V1| + |V2|(G), and |V2| = 0, it follows that |V2| ∈ {1, 2, ..., k}. Assume
that |V2| = l (1 lk). Then |V1| = (G) + k − 2 l. By Proposition 2, no edge joins V1 and V2, and V2  V0. Let
Wl = V2. Then there exists a set Wl of l (1 lk) vertices such that |∪v∈WlN [v]| = n − |V1| = n − ((G) + k − 2 l)
=n − (G) − k + 2 l. Hence, condition (b) holds.
⇐: By contradiction. If we assume that R(G)=(G)+m formk−1, then, by (⇒) part (b), there exists an integer
l with 1 lmk−1, and G has a set Wl of l vertices such that |∪v∈WlN [v]|=n− (G)−m+2l. But by (a), for any
integer s with 1sk−1,G does not have a setUt of t (1 ts) vertices such that |∪v∈UtN [v]|=n−(G)−s+2t , a
contradiction. On the other hand, if we assume that R(G)=(G)+m formk+1, then, by (⇒) part (a), for any integer
s with 1skm − 1, G does not have a set Ut of t (1 ts) vertices such that |∪v∈UtN [v]| = n − (G) − s + 2t ,
which contradicts (b). Therefore, the equality R(G) = (G) + k holds. 
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